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The asymptotic behaviour of an elastic field in the neighbourhood of the corner point of a crack at the interface of different
materials is investigated within the framework of plane elasticity, taking into account the contact of its surfaces and the possibility
of their mutual slippage with dry friction. The problem is solved by the method of complex Kolosov—Muskhelishvili potentials.
The results obtained enable one to estimate the angular range of existence of contact zones and the singularity of the stresses
close to the corner point of the crack. It is shown that the formation of contact zones, taking into account the friction forces
accompanying slippage, depends essentially on the magnitude of the angle of the interface kinking the elasticity moduli of the
materials and the friction coefficient. Numerical calculations are carried out and the stress and displacement distributions in the
neighbourhood of the corner point are obtained. © 2000 Elsevier Science Ltd. All rights reserved.

It is well known [1, 2] that the formation of contact zones along a crack has a considerable effect on
the magnitude of the stress intensity factor. The asymptotic form of the solution in the neighbourhood
of the vertex angle has been obtained in a homogeneous material [3, 4] and for a composite wedge

5]

1. FORMULATION OF THE PROBLEM

A two-dimensional problem of the linear elasticity on the distribution of the stresses an displace-
ments in the neighbourhood of the corner point of a crack at the kinked interface of two media
(Fig. 1) is considered, taking into account formation of a contact zone of its surfaces which is adjacent
to the corner point of the crack. The following versions of the behaviour of the solution are possible:
(1) no contact zone is formed in the neighbourhood of the corner point, that is, the crack surfaces are
free; (2) a contact zone forms in a part of the crack boundary, adjacent to the corner point; (3) the
whole crack surface in the neighbourhood of the corner point is in contact.

In the first case, the asymptotic behaviour of the solution is divided into two independent asymptotic
forms for the homogeneous materials for angles adjacent to the corner point, respectively. These
asymptotic forms are known [3, 4] and will not be considered here.

Contact interaction between the crack surfaces occurs in the last two cases and these will be considered
below.

We will now formulate the boundary-value problem for the second case. Suppose the boundary 6 =
o corresponds to the free surface and 8 = 0 corresponds to the contact zone between the crack surfaces
adjacent to the boundary of the fracture (r and 0 constitute a system of polar coordinates, associated
with the corner point of the crack and « is the kinking angle of the interface). The boundary-value
problem, taking into account the forces of dry friction in the contact zone has the form

oR(na) =08 (r0)=0, cQr0)=c@(r0)=0 (L1)
u(r,0)=uP (r,2m), 0§(r.0)=0@(r,2m) (1.2)

@0 (r,0)- u®(r,2my)

(@ (r,0) - u®(r,2m))
ol 6 (r0)= —6(2) (r,2m)
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6% (r,0)=pc§)(r,0) (1.3)
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Fig. 1.

where 038 (r, 0), u({,')(r, 0) (1, B =r,6,j = 1, 2) are the components of the stress tensor and the displacement
vector in the polar system of coordinates for the two different materials and p is the friction coefficient.
Moreover, the solution of the boundary-value problem must satisfy the additional conditions

o(r,0)=0Q(r.2n) <0, ul(r,0)=<uP(r, ) (1.4)

being the compression condition at 8 = 0 and the opening condition at 8 = o, respectively.
In the third version, the crack surfaces are in contact along both sides of the corner point and the
boundary-value problem has the form

u$(r,0)= uP(r.2m), uP(r,0) =uP(r,0) (1.5)
Ggo)(r,O) = Gf,%)(r,Zn), cgg (r,a)= cf,%) (r,a)

@ (r,0) — u?(r,2m))
@O (1,00~ uP(r,2m))

6%(r,0)=pci(,0)

@ (@) - u® ()
u® (7.0 - 4P (r, )

o®(r,a) = poia(r,o)

o¥(r,0)=-6P,2n), 6Q(r.0)=0P ()

The additional conditions (the compression conditions both at 6 = 0 and at 6 = o) have the
form

Q0 =0@(r2n)<0, o(r,0)=0F (ro0)=<0 (1.6)

The boundary conditions (1.1)-(1.3), (1.5) with the additional conditions (1.4) and (1.6) define the
asymptotic form of the solution close to the corner point, taking into account formation of contact zones
and opening zones.

2. THE ASYMPTOTIC SOLUTION

In each of the characteristic domains, we write the stress—strain displacement state using the well-
known complex representations [6]

o +0 =2[¢)(2)+9(2)]
off) — o +2i0Y) =2z7¢7(2) + v} (2)e*® 21)
2p; (@ + i) = e‘”[xj(pj(z)—z¢_}(5—vl_j(5]
where j = 1, 2, x; = 3—4v; for plane strain and %; = (3 - v;)/(1 + v;) for plane stress, v; is Poisson’s ratio
Y, is the shear modulus, and z = re'®, ¢;(z) and y;(z) are the complex Kolosov-Muskhelishvili potentials

in the corresponding domains.
We write the solution of system (2.1) in each of the characteristic domains in the form
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(pj(z) = ajzxr WJ(Z) = bjzl (22)

Here, a; and b; are unknown complex constants, and A is assumed to be real number. In this case,
expressions (2. 1) will define the stress and strain fields. This is associated with the fact that, when there
is a contact zone, there is no oscillating solution [7] for the asymptotic form at the interface of two
materials [8]. The correctness of this assertion will be verified numerically when finding the roots of
the characteristic equation.

We introduce the notation

aj=Aj+iBj, bj=Cj+le j: 1,2

Using relations (2.1) and (2.2), we obtain expressions for the stresses and displacements in the charac-
teristic domains (j = 1, 2)

oY) = xr’*—'[Aj(x—1)sin(x—1)e+3j(x— 1)cos(A ~1)8+ C; sin(A +1)8+ D; cos(h +1)8]

o5 =Ar*'[A; (A +1)cos(h —1)8 — B; (A +1sin(A — )8+ C; cos(A +1)0 ~ D; sin(A +1)6]

0% = Ar*"'[A;(3-A)cos(h - 1)8 - B;(3~A)sin(A — 10 — (2.3)
-C; cos(?\.+I)9+D. sin(7L+1)6]

u§ ——[A (A+%;)sin(A =10 + B;(A+%;)cos(A —1)8 + C; sin(A + 1)8+ D; cos(A +1)0]

uﬁf)=—’—[Aj(x ; —A)cos(A ~1)8 — B;(x; —A)sin(A — 1)8 — C; sin(A + 1)0+ D; cos(h + 1)6]
2p; J

The problem therefore reduces to searching for the unknown constants A; B;, C, D; (j = 1, 2) and
the value of A. The values of the exponent A are sought in the energy class of solutlons A= 1/2

Substituting the explicit expressions for the stresses and displacements in domain 1 and their analogues
in domain 2 into boundary conditions (1.1)-(1.3) we obtain a system of equations which are
homogeneous in Ay, By, Cy, Dy, A;, By, C;, D,. The system was solved numerically using the following
algorithm: a numerical calculation of the roots of the characteristic equation by the method of secants;
calculation of the unknown constants (solution of the system using Gauss’ method); calculation of the
stress and displacement fields and numerical analysis of the results.

It should be noted that the solution of the characteristic equation is represented by the set of values
of the exponent A: A;, Ay, A3. The minimum value of A, which satisfies the constraint A = 1/2, was chosen
as the index of the singularity of the solution, and the stress and displacement distributions obtained
when this was done satisfied the system of inequalities (1.4) which actually determine the solutions for
a crack with a contact zone.

The stress—strain state close to the corner point of a crack with a contact zone was analysed using
the following algorithm. First, in accordance with conditions (1.4), it is necessary to assume that there
is compression along the 0 axis in the zone of contact of domains 1 and 2. Consequently, it is possible
to establish a correspondence between the fully determined sign of the constant and each value of the
kinking angle, to within the accuracy with which the stress oge is determined. This, in turn, enables us
to determine the relative magnitude and direction of the displacements u$and u(ejat 0 = q, that is, on
the surface which is free according to the formulation of the problem, and to validate the second
inequality of (1.4). Furthermore, we note that, when there is friction between the contacting surfaces,
the asymptotic form was calculated both for the positive as well as for the negative difference between
the tangential displacements of the crack surfaces (the first equation of (1.3)) and, in the case of the
stress—strain state constructed on the basis of it, it was verified that it corresponded to the chosen sign.
This enables us to choose the least exponent A which corresponds to a solution of the contact problem.

The solution of boundary-value problem (1.5) with the additional conditions (1.6) was obtained in
a similar manner.

3. RESULTS OF THE CALCULATION
The results of the calculation of the exponent of the asymptotic form, obtained within the framework
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Fig. 2. Fig. 3.

of the solution of boundary-value problem (1.1)—(1.3) subject to conditions (1.4) being satisfied, that
is, for the contact (6 = 0)—opening (6 = o) problem, are presented in Figs 2 and 3. Figure 2 shows
A = Ma) for various values of the friction coefficient. Curve 4 was drawn for p = 0.1 (U = pp, v; =
v,) and curve 5 for p = 0.2. It can be seen that a solution of the contact—opening form is not obtained
for large values of the kinking angle (o > 110°). Figure 3 shows the values of the asymptotic form as
a function of the corner angle o for different relations between the elastic characteristics of the materials
in domains 1 and 2. Curve 1 is for the same materials in domains 1 and 2. Curve 2 was drawn for
Hi/iy = 5(v; = v,), and curve 3 for p,/i, = 2. At large values of the angles (o0 > 150°), the values of
the exponent of the asymptotic for materials with different moduli and materials with the same moduli
differ only slightly by up to 5%.

Note that a change in the ratio of Poisson’s ratios within the limits 1 < v;/v, < 2 has no substantial
effect on the form and magnitude of the asymptotic. Conversely, a change in the ratio of the shear moduli
of the materials turns out to have a substantial effect on both the nature and magnitude of the asymptotic
coefficient. For instance, the case where the moduli are different leads to a definite range of corner angles
(close to & = 90°), a solution of the contact-opening type is not realized. Moreover, an increase in the
ratio /|, leads to an extension of this range. A comparison of curve 1 in Fig. 3 and curves 4 and 5 in
Fig. 2 enables us to conclude that the development of friction between the contacting surfaces of a crack
has a substantial effect on the magnitude of the exponent of the asymptotic and, in fact, leads to a
singularity in the stresses close to its corner angle, which does not occur in the case of a smooth contact.

The results of a calculation for boundary-value problem (1.5), subject to conditions (1.6), that is, for
the contact (8 = 0)—contact (6 = o) problem are given in Fig. 4. Curves 4 and 5 show A = A(c) for
different values of the friction coefficient, and curves 1 and 2 show A = A(c) for different relations
between the elastic characteristics of the materials. The parameters used in the calculation were similar
to those mentioned above and the numbering of the curves is also retained. The values of the magnitude
of the exponent of the asymptotic when there is friction between the contacting surfaces are close to
unity (Fig. 4, curves 4 and 5). However, for small values of the corner angle (o < 40°), the stresses
close to the corner point are singular while, at large values (o > 140°), they are finite. Conversely, when
there is no friction (Fig. 4, curves 1 and 2), singular stresses occur for large values (o > 110°) of the
corner angle while the stresses are finite for small values (o > 65°). Differences in the moduli of the
materials (1 < vi/v, < 2,1 < py/p, < 5) turn out to have an insignificant effect on the nature of the
change and the magnitude of the exponent of the asymptotic; one need only note that there is an
extension of the range over which a solution of the contact—contact type cannot be obtained when the
ratio p/p, is increased (Fig. 4, curve 2, /|, = 5).

The results of solving problem (1.1)—(1.3), subject to conditions (1.4), that is, contact-opening, and
of problem (1.5), subject to conditions (1.6), that is, contact—contact, together with the solutions obtained
earlier [3, 4], that is, opening-opening, enables us to determine the ranges of angles over which one
or other stress-strain state can occur and the value of the corresponding exponent of the asymptotic
for various parameters of the problem.
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